Independent tree spanners: fault-tolerant spanning trees with constant distance guarantees  by Handke, Dagmar
Discrete Applied Mathematics 108 (2001) 105{127
Independent tree spanners: fault-tolerant spanning trees
with constant distance guarantees(
Dagmar Handke1
Department of Computer and Information Science, University of Konstanz, Box D188 D-78457
Konstanz, Germany
Received 30 September 1998; revised 18 May 1999; accepted 28 April 2000
Abstract
For any xed rational parameter t>1, a (tree) t-spanner of a graph G is a spanning subgraph
(tree) T in G such that the distance between every pair of vertices in T is at most t times their
distance in G. General t-spanners and their variants have multiple applications in the eld of
communication networks, distributed systems, and network design. In this paper, we combine the
two concepts of simple structured, sparse t-spanners and fault-tolerance by examining independent
tree t-spanners. Given a root vertex r, this is a pair of tree t-spanners, such that the two paths
from any vertex to r are edge disjoint or internally vertex disjoint, respectively. For t < 3, we
give a (constructive) linear-time algorithm to decide whether a pair of independent tree t-spanners
exist. We also show that the problem for arbitrary t>4 in NP-complete. As a less restrictive
concept, we also treat tree t-root-spanners, where the distance constraint is relaxed. Here, we
show that the problem of deciding the existence of an independent pair of such subgraphs is
NP-complete for all non-trivial, rational t. As a special case, we then consider direct tree
t-root-spanners. These are tree t-root-spanners where paths from any vertex to the root have to
be detour-free. In the edge-independent case, we give a (constructive) linear-time algorithm for
deciding the existence of a pair of these for all rational t. The vertex-independent case, however,
is shown to be NP-complete. ? 2001 Elsevier Science B.V. All rights reserved.
1. Introduction
A t-spanner of an unweighted graph G is a spanning subgraph T in which the dis-
tance between every pair of vertices is at most t times their distance in G. Throughout
this paper, t>1 will be an arbitrary, but xed rational value. The main idea of this
concept is to nd a subgraph of a given graph G that is sparse, but still guarantees
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a so-called stretch factor on the vertex-to-vertex distances of G that is bounded by a
constant independent of the size of G.
The concept of spanners has been introduced by Peleg and Ullman [12], where they
used spanners to synchronize asynchronous networks. One of the many other applica-
tions for spanners are communication networks, where one is interested in nding a
sparse subnetwork that nevertheless guarantees a constant delay factor. Further results
and discussions concerning t-spanners and variants thereof can be found in [11,14]. The
sparsest t-spanners are tree t-spanners (i.e. t-spanners that are trees, see [5]). Apart
from their sparseness, the tree property is of particular interest in several applications.
As an example consider communication networks where trees result in small sized
routing tables [13].
One major drawback of tree subnetworks is their vulnerability: A fault of one sin-
gle link or node results in disconnecting the subnetwork. In this paper, we consider
independent tree t-spanners: a pair of tree t-spanners with the additional property that
the unique pair of tree paths from any vertex of the graph to a specied root vertex
is disjoint. We examine the edge as well as the vertex disjoint case, thus guaranteeing
fault-tolerance in either one link or node, such that the distance conditions are still
maintained. The subgraph consisting of the union of two independent tree t-spanners is
also sparse and has good structural properties. Thus, this sort of subgraphs may serve
as a concept for more reliable, but still easily structured networks that still guarantee
short delays.
Previous work has mainly concentrated on only one of the two aspects of fault-tolerance
and distance guarantee at a time. Itai and Rodeh [8] deal with independent spanning
trees in the context of fault-tolerant communication protocols, but they do not attempt
to optimize the length of individual tree paths nor consider the resulting stretch fac-
tors. Furthermore, independent spanning trees are treated in [9,15,7], for example. In
his Ph.D. thesis [4], Cai considers k-tree t-spanners,2 thus guaranteeing k-connectivity
within the t-spanner. But, in contrast to our concept, the distance conditions are not nec-
essarily maintained in case of a link or node failure. Very recently, in [10], Levcopoulos
et al. examined fault-tolerant spanners in geometric graphs (i.e. complete graphs with
Euclidean edge weights). Their model is dierent from ours as follows: They do not
relate the distances in the spanner to the distance in the underlying fault-free network,
but to the faulty network. Thus, in their model, there is no direct measure how much the
distances are increasing because of failures of network components. Also, Levcopoulos
et al. do not consider the tree structure.
In this paper, we give a constructive, ecient characterization for graphs admitting
a pair of independent tree t-spanners for t < 3. This results in a linear-time algorithm.
For t>4, however, the corresponding decision problem is NP-complete. Both results
hold for the edge and vertex disjoint case. Additionally, the rst result for t < 3 can
2 A graph T is a k-tree if it is either a complete graph of size k, or there is a vertex v such that T − v
is a k-tree and the neighborhood of v in T induces a k-clique.
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be easily extended to more than two independent tree t-spanners. The case 36t < 4
remains open.
Unfortunately, the concept of independent tree t-spanners is very restrictive in the
sense that the class of graphs admitting a pair of independent tree t-spanners for a
xed t is quite small. In many settings in the design of subnetworks, however, it is not
strictly necessary that the distance guarantee holds for all pairs of vertices, but only
for the distances between each vertex and the specied root vertex. This leads to the
denition of t-root-spanners, and we are interested in nding a pair of independent
spanning trees such that the distance between any vertex and the root in each tree is
at most t times the distance in the graph.
Annexstein et al. have considered related concepts. In [2], they consider radius
bounded independent spanning trees, where they impose an absolute, constant upper
bound on all vertex-to-root distances. In [1], they give linear-time algorithms for the
construction of independent spanning trees with provable upper bounds on the stretch
factors. But these stretch factors may well be non-constant. Here, we show that the
problem of deciding the existence of independent spanning trees with xed constant
stretch factors is hard by showing its NP-completeness for all non-trivial values of t.
Since the general problem is hard, we also consider a natural restriction of the
problem: we examine independent tree t-root-spanners where paths in the root-spanner
are not allowed to ‘run uphill’. This means that, in such root-spanner, on the path from
a vertex to the root, we either go one step closer to the root or we stay at the same
distance w.r.t. the original graph. We call these root-spanners direct.
For the decision problem of nding such a pair of independent direct tree t-root-spanners,
the situation for the edge and vertex disjoint case diers signicantly: We can decide
the existence of a pair of edge-independent direct tree t-root-spanners (and its con-
struction) in linear time for all t, whereas the problem of nding vertex independent
direct tree t-root-spanners remains NP-complete.
The paper is organized as follows. After stating some basic notation and previous
results in Section 2, we treat independent tree t-spanners in Section 3. The problem of
nding independent tree t-root-spanners makes up for Section 4. Section 5 then deals
with independent direct tree t-root-spanners. We conclude with some remaining open
problem in Section 6.
2. Notation and previous results
In what follows, G = (V; E) denotes a simple, unweighted, undirected graph with
vertex set V and edge set E. The root is a specied vertex r 2 V . V (G) and E(G),
respectively, is the vertex set and edge set, respectively, of a graph G: G[R], where
RV , denotes the subgraph of G induced by R. Since spanners of each connected
component can be determined independently, we only consider connected graphs. Thus,
in the following, G denotes a connected, unweighted graph and r is the specied root
vertex.
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The length of a path P is the number of its edges and is denoted by jPj. The
distance between two vertices u and v in G, i.e. the length of the shortest path, is
denoted by dG(u; v). For a vertex v, denote by N (v) the set of neighbors of v, i.e.
vertices that are adjacent to v. A vertex v of a graph G is called universal w.r.t. G
if N (v) [ fvg = V (G). Let v be universal w.r.t. G, then the star centered at v is the
graph consisting of all vertices of G and all edges incident to v. The graph K3;3 is the
complete bipartite graph on two times 3 vertices.
Given a root vertex r, we partition V into levels L‘:=fv 2 V jdG(v; r) = ‘g for ‘ 2
f0; : : : ;maxvfdG(v; r)gg. The level index of a vertex v is indicated by l(v):=dG(v; r).
The level Ll(v)−1 is called parent level of vertex v. A vertex in Ll(v)−1\N (v) is called a
parent vertex of v, and a vertex in Ll(v)\N (v) is called a sibling vertex of v. Note that
every vertex v 6= r has at least one parent vertex. For a tree T rooted at r, denote the
unique path from a vertex v to the root r (called root path) by rp(v; T ). Sometimes,
we abuse the notation rp(v; T ) to indicate the set of internal vertices of the root
path.
For a connected graph, a k-separator is a set of k vertices the deletion of which
disconnects the graph. A graph is called biconnected (or 2-vertex-connected) if it has
no 1-separator, and k-vertex-connected if it has no (k − 1)-separator. A block of a
graph is a maximal biconnected subgraph. A graph is 2-edge-connected if no deletion
of a single edge disconnects it.
As a general framework, we use the concept of t-spanners as dened below:
Denition 1 (t-spanner). For any rational value t>1, a spanning subgraph T =(V; E0)
with E0E is a t-spanner of a graph G=(V; E), if for all u; v 2 V : dT (u; v)6tdG(u; v).
The parameter t is called stretch factor. We say that an edge e 2 E is covered if in
T there exists a path of length at most t that connects the endpoints of e. In order to
prove that a given spanning subgraph is a t-spanner, we do not have to consider all
pairwise distances of the vertices. It is sucient to only check whether all edges of
the original graph that are not part of the spanning subgraph are covered (cf. [11]). A
graph always admits a t-spanner for any t, since G itself is a t-spanner. In particular,
G is a 1-spanner.
Remark 2. In unweighted graphs, a t-spanner is always also a btc-spanner. Thus, it is
sucient to consider only integer stretch factors.
Tree t-spanners are t-spanners that are trees. As opposed to t-spanners, there are
graphs that, for a xed stretch factor t, do not admit a tree t-spanner as a subgraph.
For example, K3;3 does not admit a tree 2-spanner. In [5], Cai and Corneil show that
the corresponding decision problem, the tree t-spanner problem, is NP-complete for
all t>4. They also give linear-time algorithms to nd a tree t-spanner for t = 1 or 2
if it exists. The case t = 3 is still open.
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Fig. 1. (a) a graph admitting a pair of vertex (and edge)-independent tree 2-spanners, (b) a graph admitting
a pair of edge (but not vertex)-independent tree 2-spanners, and (c) two graphs admitting one tree 2-spanner,
but no pair of independent tree 2-spanners.
3. Independent tree t-spanners
We now deal with a fault-tolerant concept of spanning trees with constant distance
guarantees by examining independent tree t-spanners. After the formal denition and
statement of the results, the proofs for the main theorem are given in the subsequent
subsections.
3.1. Denitions and results
Denition 3 (Independent trees). Two spanning trees T1 and T2 of a graph G; both
rooted at r; are called edge independent (or vertex independent, resp.) w.r.t. r, if for
every vertex v 2 V (G) the unique paths rp(v; T1) and rp(v; T2) are edge disjoint (or
internally vertex disjoint, resp.).
In most cases considered here, the situation for vertex independence and edge inde-
pendence is similar. Thus in the following, if not stated explicitly, the terms disjointness
and independence always stand for both cases.
There is a strong relationship, though not equivalence, between the connectivity of
a graph and the existence of independent trees. As shown in [8], every biconnected
(or 2-edge-connected, resp.) graph admits a pair of vertex (or edge, resp.) independent
trees. On the other hand, a graph admitting a pair of edge independent trees is certainly
2-edge-connected. But note that a graph admitting a pair of vertex independent trees
does not necessarily have to be biconnected: frg may be a 1-separator (but no other
vertex than r). Observe that independent trees do not necessarily have to be edge
disjoint. The two trees may share an edge as long as the root paths are disjoint. In
the rest of this section, we are interested in nding a pair of tree t-spanners that are
independent:
Problem 4. (Independent tree t−spanner problem, ITSt)
Given: A graph G and a root vertex r.
Problem: Does G admit a pair of independent tree t-spanners w.r.t. r?
Fig. 1 shows examples of graphs with dierent behavior concerning admissibility of
independent tree 2-spanners. Observe that the number of edges of a pair of independent
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tree t-spanners cannot exceed 2jV j − 2. Clearly, for a xed t, the class of graphs
admitting a pair of vertex independent tree t-spanners is a proper subclass of the class
of graphs admitting a pair of edge-independent tree t-spanners, which is itself a proper
subclass of the class of graphs admitting one tree t-spanner. Note that, according to
Remark 2, we only have to consider integer stretch factors in this section.
Considering either edge or vertex disjointness, the case for 16t < 2 is trivial: A
pair of independent tree 1-spanners cannot exist, since for a vertex v incident to the
root r edge fv; rg has to be contained in both trees. For the other values of t, in the
following two subsections, we prove the following theorem:
Theorem 5.
1. A pair of independent tree 2-spanners can be found in linear time (if it exists);
thus ITSt 2 P for 26t < 3.
2. ITSt is NP-complete for t>4.
Since the main property of independent tree 2-spanners (see Lemma 7 in Section 3.2)
can be extended in the obvious way to more than two independent tree 2-spanners, the
rst part of Theorem 5 also holds for k-independent tree t-spanners for 26t < 3 (k>2,
arbitrary).
3.2. Finding independent tree 2-spanners
In this subsection, we prove the rst part of Theorem 5. By Remark 2, it is sucient
to consider the case t = 2. We rst consider the edge-independent case and describe
the structure of the two tree 2-spanners. The strict characterization of graphs that admit
a pair of edge-independent tree 2-spanners and the algorithm to nd such a pair then
follow directly. The case for vertex-independent tree 2-spanners is treated subsequently.
Edge-independent tree 2-spanners: First, observe that if G is 2-edge-connected then
G is not necessarily also biconnected. G may have 1-separators and consist of several
blocks. For each block B of G which does not contain r there is a unique 1-separator
fsg such that all root paths from vertices in B have to include s. This vertex s (called
root separator) takes over the role of r in B. Let r be the root separator of the blocks
containing r. The following lemma describes the form that two edge-independent tree
2-spanners may have:
Lemma 6. If G admits a pair T1 and T2 of edge-independent tree 2-spanners w.r.t.
r then for each block B of G; Ti[B] is a star (i = 1; 2).
Proof. Let T1 and T2 be two edge-independent tree 2-spanners of G and consider a
block B of G with root separator s. From [3,5] we know that either
1. B is 3-vertex-connected and Ti is a star centered at a vertex ui (i = 1; 2) or
2. for every 2-separator fx; yg of G, edge fx; yg is in Ti (i = 1; 2).
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Fig. 2. Case 2 for graphs admitting a tree 2-spanner.
In the rst case, we are done. Now consider the second case. Let fx; yg be a 2-separator,
and G1 and G2 be the two subgraphs of B that are separated by the separator. Then,
edge fx; yg 2 Ti for i 2 f1; 2g. Let s be the root separator of B and G1 be the
sub-graph containing s (see Fig. 2 for an illustration). Then, either x 2 rp(y; T1) and
y 2 rp(x; T2) or vice versa.
We show that the Ti are stars by contradiction: Assume that the edges fa; xg and
fy; bg belong to T1. Since B is biconnected and fx; yg is a 2-separator, there is a path
form a to y in G1 and a path from b to x in G2. These paths cannot be covered
by two edge-independent tree 2-spanners since either the 2-spanner condition or the
independence condition are violated. Thus, T1 and T2 cannot be edge-independent tree
2-spanners, a contradiction.
This observation leads to the following strict characterization:
Lemma 7. G admits a pair of edge-independent tree 2-spanners w.r.t. r if and only
if each block B and G contains two distinct universal vertices w.r.t. B that are not
root separators of B.
Proof. For the if-part, observe that if G fullls the given conditions then we can
construct two edge-independent tree 2-spanners by combining the stars centered at the
universal vertices.
To show the opposite direction, assume that G admits a pair of edge-independent
tree 2-spanners T1 and T2. Then by Lemma 6, for each block B; Ti[B] is a star centered
at a vertex u(B)i ; i=1; 2. Since T1 and T2 are edge independent it follows that u
(B)
1 and
u(B)2 are disjoint and not root separators of B.
Using the characterization, an algorithm to decide the existence of a pair of edge
independent tree 2-spanners can then be implemented in linear time.
Vertex-independent tree 2-spanners: The situation for vertex independent tree 2-spanners
is similar. We get the following characterization:
Lemma 8. G admits a pair of vertex-independent tree 2-spanners w.r.t. r if and
only if G admits a pair of edge-independent tree 2-spanners w.r.t. r and G is either
biconnected or G is 2-edge-connected and frg is the only 1-separator.
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Proof. As stated in Section 3.1, if G admits a pair of vertex-independent trees w.r.t. r
then G is at least 2-edge-connected and frg is the only 1-separator. Thus, G consists
only of blocks containing r. The proof is complete by observing that the edge-independent
tree 2-spanners found in Lemma 7 for blocks containing r are also vertex independent.
3.3. The hardness of nding independent tree t -spanners
Again by Remark 2, it is sucient to consider only integer stretch factors in this
subsection. The membership of ITSt in NP is immediate. To prove the second part
of Theorem 5, we use a reduction from the not-all-equal satisability problem with
three literals per clause (NAE-3SAT, cf. [6] (LO3)): Given a set U of variables, a
collection C of clauses over U such that each clause c 2 C consists of jcj=3 literals,
the problem is to nd a truth assignment for U such that each clause in C has at least
one true literal and at least one false literal. W.l.o.g. assume that there is no clause that
contains one literal in both the positive and negative form. Given an instance (U;C)
of NAE-3SAT, we construct the graph G for ITSt as follows:
 For each variable x 2 U , construct an individual variable component:
 Create a triangle consisting of a root vertex rx and two literal vertices x and x.
The edges frx; xg and frx; xg are called literal edges.
 Create an auxiliary vertex w, connect it by an edge each to x and x, and to rx
by two simple, disjoint auxiliary paths of length t − 1 consisting of new internal
vertices u(1); : : : ; u(t−2), and v(1); : : : ; v(t−2), respectively. The edges frx; u(1)g and
frx; v(1)g are called auxiliary root edges.
 Identify all root vertices rx to form one distinguished root vertex r.
 For each clause c = x1 _ x2 _ x3 2 C, construct an individual clause component as
follows. Let ‘ = bt=2c − 1.
 Create three clause vertices x1; x2, and x3, one for each literal in c.
 If t is even, then create a central vertex c and connect it to all clause ver-
tices by simple, disjoint paths of length ‘ consisting of new internal vertices
x(i)i ; : : : ; x
(‘−1)
i ; i 2 f1; 2; 3g.
 If t is odd, then create three central vertices c1; c2; c3, each connected with each
other by an edge. Connect xi with ci by a simple path of length ‘ consisting of
new internal vertices x(1)i ; : : : ; x
(‘−1)
i ; for i 2 f1; 2; 3g.
 Identify the clause vertices with their corresponding literal vertices.
Figs. 3(a) and (b) illustrate the construction of the variable and clause components. In
Fig. 4 the part of G for t =6 and clause c= x _ y _ z is shown. G can be constructed
in linear time. It remains to show that there is a not-all-equal truth assignment  for
(U;C) if and only if G admits a pair of independent tree t-spanners w.r.t. r.
From  to T1 and T2: Given a not-all-equal truth assignment  for (U;C), we can
systematically construct two independent tree t-spanners T1 and T2. See Fig. 4 for an
illustration, and let (x)= false and (y)=(z)= true. For the lower part of the clause
components for odd p+ q consider Fig. 7.
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Fig. 3. (a) A variable component for variable x, and (b) a clause component for even and odd t for the
construction of an instances of ITSt .
Fig. 4. Part of an instance of ITSt for t = 6 and clause c = x _ y _ z together with a pair T1 and T2 of
independent tree t-spanners.
The construction starts by choosing true literal edges (i.e. literal edges that corre-
spond to true literals) for T1 and false literal edges for T2. Within the variable compo-
nents, it is possible to select edges for T1 and T2 according to Fig. 4, independently of
the choice of edges in the clause components. For each clause component consisting
of clause vertices x1; x2 and x3 proceed as follows:
1. Choose one true literal, 3 say x1 (as y in Fig. 4), and put the path from x1 to c
(or c1, resp.) into T1.
2. Choose one false literal,3 say x2 (as x in Fig. 4), and put the path from x2 to c
(or c1, resp.) into T2.
3. Add the path from x(1)1 to c (or to c2, resp.) to T2 and the path from x
(1)
2 to c (or
to c1, resp.) to T1.
4. If t=4, the construction is nished. Otherwise, for the remaining clause vertex, put
the path from x3 to x
(‘−1)
3 into the tree to which its literal edge fr; x3g belongs.
If t is even, put the path from x(1)3 to c into the other tree.
3 This must exist since  is a not-all-equal truth assignment.
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If t is odd, put the path from x(1)3 to c3 into the other tree. Put fc1; c3g into the
tree to which fr; x1g belongs and fc2; c3g into the other tree.
It is easy to see that T1 and T2 are independent tree t-spanners of G.
From T1 and T2 to : The proof of the other direction basically consists of three
steps. First, we show in Lemma 10 that, given a pair of independent tree t-spanners,
these uniquely (modulo choice of T1 or T2) induce a truth assignment . In Lemma 11
we then further examine the structure of two independent tree t-spanners. This result
will be used in Lemma 12 to establish that  is a not-all-equal truth assignment. The
arguments are based on the following fundamental (and straightforward) properties:
Lemma 9. Let T1 and T2 be two independent tree t-spanners. Then the following
general properties hold:
1. T1 and T2 do not contain a cycle.
2. For every edge e that does not belong to T1 (or T2; resp.) there is exactly one
path in T1 (or T2; resp.) that connects the endpoints of e; and this path has length
at most t.
3. Since T1 and T2 are independent spanning trees; for every vertex v there are
atleast two dierent edges that are incident to v such that one is in T1 and the
other is in T2. 4 In particular; for a vertex v of degree 2; if one incident edge
belongs to rp(v; T1) then the other incident edge has to belong to rp(v; T2).
Considering two independent tree t-spanners T1 and T2 for a graph G as constructed
above, we have the following properties (partly by the previous lemma):
(P1) The literal edges and auxiliary root edges of a variable component cannot be in
both T1 and T2.
(P2) The auxiliary and internal vertices of a variable component are only connected
within this variable component.
(P3) The central and internal vertices of a clause component are only connected within
this clause component.
(P4) Consider a variable component. A path from the root vertex r to a literal vertex
via the auxiliary vertex w has length t; the path from r back to r via w has
length 2t− 2. Thus, it follows that the auxiliary root edges fr; u(1)g and fr; v(1)g
each belong to exactly one of T1 or T2, since otherwise the edges of the auxiliary
paths cannot be covered.
Suppose that fr; u(1)g belong to T1. As a consequence of part 3 of Lemma 9
it follows that all edges on the path from u(1) to u(t−2) belong to both T1 and
T2 and the edge fu(t−2); wg belong to T2. The same arguments also hold for the
other auxiliary path within the variable component or if T1 and T2 are exchanged.
(P5) Consider a clause component. The length of a path from a literal vertex down
to a corresponding central vertex and up again to another literal vertex of the
same clause is exactly t − 2.
4 There can be more than one incident edges in T1 or T2 and there may also be edges that are in both
trees.
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We are now ready to prove the key properties of our construction. Firstly, we establish
that, given a pair of independent tree t-spanners, these uniquely (modulo choice of T1
or T2) induce a truth assignment .
Lemma 10. If T1 and T2 are a pair of independent tree t-spanners of G then; for
each variable; one literal edge belongs to T1 and the other belongs to T2.
Proof. The proof is by contradiction. Firstly, w.l.o.g. suppose that both literal edges
of variable x belong to T2, i.e. fr; xg; fr; xg 2 T2. By property (P1), it follows that
fr; xg; fr; xg 62 T1. Now consider the auxiliary root edges fr; u(1)g and fr; v(1)g. Because
of the length of the paths via w (property (P4)), fr; u(1)g; fr; v(1)g 2 T1. Since neither
fr; xg nor fr; xg are in T1, it follows that not only all edges of the path from u(1) to
u(t−1) (and from v(1) to v(t−1), resp.) belong to T1, but also the edges fw; u(t−1)g and
fw; v(t−1)g. This results in a cycle in T1, a contradiction.
The same arguments also hold for the case that only one literal edge belongs to one
of T1 or T2, or that both literal edges do not belong to any of T1 or T2.
Starting from the previous lemma, we can now establish an important property of
T1 and T2:
Lemma 11. Let T1 and T2 be a pair of independent tree t-spanners of G. Then; in
both; T1 and T2; there is a path of length at most 2 connecting x and x; and this
path does not include r or any vertex outside of the variable component.
Proof. Consider a variable component. By Lemma 10, w.l.o.g. assume fr; xg 2 T1 and
fr; xg 2 T2. Then the auxiliary root edges may belong to T1 or to T2 independently of
each other. But to avoid cycles and to guarantee that all internal edges are covered in
both trees, it follows from properties (P2) and (P4) that fx; wg 2 T1 and f x; wg 2 T2.
Observe that if fx; xg 2 T1 and T2, or fw; xg 2 T1 and fw; xg 2 T2 we are done.
Suppose that neither fx; xg nor fw; xg 2 T1. Thus, both edges have to be covered in
T1. Then there are three basic possibilities to cover fw; xg:
1. by using edges fw; xg and fx; rg, and returning to x via a path through another
literal and clause component. By property (P5), we see that such a path has length
at least t − 2 + 3 = t + 1>t (contradiction).
2. by following an auxiliary path up to the root and returning to x. By properties (P4)
and (P5), this also results in a path of length greater than t (contradiction).
3. by using edge fw; xg, running down to a central vertex of the own clause com-
ponent, up to another literal vertex and returning to x via a path through an-
other clause component. Again by property (P5), we see that this path has length
2  (t − 2) + 1 = 2t − 3>t for t>4 (contradiction).
Thus, either fx; xg or fw; xg 2 T1. The case for T2 is analogous.
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Using the previous lemma, we nish the proof of the second part of Theorem 5 by
establishing that there is a not-all-equal truth assignment induced by T1 and T2.
Lemma 12. Let T1 and T2 be a pair of independent tree t-spanners of G. The truth
assignment  induced by setting (x)= true if and only if fr; xg 2 T1 is a not-all-equal
truth assignment for (U;C).
Proof. By Lemma 10, it is clear that  is well dened. It suces to show that there
is no clause c = x1 _ x2 _ x3 2 C such that (x1) = (x2) = (x3). This is done by
contradiction:
W.l.o.g. suppose that there is a subgraph of G corresponding to clause c such that
fr; xig 2 T1 and fr; xig 2 T2 for all i 2 f1; 2; 3g (thus inducing an all-equal truth
assignment for c). By Lemma 11, it follows that jrp(xi; T1)j = 1 and jrp(xi; T2)j>2,
and there is a direct connection of xi to r via xi within the corresponding variable
component.
Now consider edges fxi; x(1)i g of the corresponding clause component. We show that
fxi; x(1)i g 2 T2 for all i 2 f1; 2; 3g by contradiction:
Suppose that fx1; x(1)1 g 62 T2. (The same arguments also hold for x2 and x3.) Then,
there are two possibilities how fx1; x(1)1 g can be covered in T2:
1. by starting from x(1)1 , going down to a central vertex of the clause component,
following up to another literal vertex (e.g. x2), further up to r within the variable
component and running down again to x1. This results in a path of length at least
(t − 2)− 1 + 2 + 2 = t + 1>t (contradiction).
2. by starting from x1, using another clause component that is incident to x1 to reach
literal vertex x2 (or x3, resp.) and returning back via a central vertex of the own
clause component to x(1)1 . This results in a cycle in T1 since by Lemma 11 both x1
and x2 (or x3, resp.) are connected to r in T2 (contradiction).
Thus, fx1; x(1)1 g 2 T2. The same arguments also hold for x2 and x3 and for all other
edges of the clause component of c (by property (P3)). This results in a cycle for T2
and yields a contradiction.
4. Independent tree t-root-spanners
In many settings, it is sucient for a subgraph that the distance guarantee just
holds for the distances between a vertex and a specied root. We do not have to care
for distances between the other pairs of vertices. This leads to the new concept of
t-root-spanners:
Denition 13 (t-root-spanner). For any rational value t>1, a spanning subgraph T =
(V; E0) with E0E is a t-root-spanner of a graph G= (V; E) w.r.t. r, if for all v 2 V :
dT (v; r)>t  dG(v; r).
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Fig. 5. (a) A graph admitting a pair of vertex (and edge)-independent tree 2-root-spanners, (b) a graph
admitting a pair of edge (but not vertex)-independent tree 2-root-spanners, (c) a graph not admitting a pair
of independent tree 2-root-spanners.
As above, a tree t-root-spanner is a t-root-spanner that is a tree. Observe that
the shortest path tree is a tree 1-root-spanner and thus every graph admits a tree
t-root-spanner for arbitrary t. We are interested in nding a pair of tree t-root-spanners
that are independent. The corresponding independent tree t-root-spanners problem
ITRSt is dened analogously to Problem 4.
Fig. 5 shows examples of graphs (not) admitting two independent tree 2-root-spanners.
The vertices of the graphs are drawn according to their levels, such that their distances
to the root can be easily seen. In contrast to t-spanners in the previous section, it
is not possible to just check edges if we want to see whether a given graph is a
t-root-spanner. Each vertex has to be considered separately.
It can be easily seen that, for every xed t, the class of graphs admitting a pair
of vertex-independent tree t-root-spanners is a proper subclass of the class of graphs
admitting a pair of edge-independent tree t-root-spanners. On the other hand, the class
of graphs admitting a pair of independent tree t-root-spanners is a superclass of the
class of graphs admitting a pair of independent tree t-spanners.
Remark 14. As opposed to t-spanners (Remark 2), rational stretch factors are relevant
for t-root-spanners even in unweighted graphs.
As before, the case for 16t < 2 is trivial, since two independent tree t-root-spanners
for these stretch factors never exist. Thus, the independent tree t-root-spanners problem
is fully characterized by the following theorem:
Theorem 15. ITRSt is NP-complete for t>2.
Proof. As in the previous section, the membership of ITRSt inNP is immediate, and
we use a reduction from NAE-3SAT. Let t>2 be a rational number, t = p=q, where
p; q are positive integers with p>2q and q> (t + 3)=2 (i.e. for the representation of
t, we choose p and q large enough such that the condition is fullled; in particular,
q> 2). Given an instance (U;C) of NAE-3SAT, we construct the graph G for ITRSt
as follows:
 For each variable x 2 U , construct an individual variable component:
 Create a root vertex rx.
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Fig. 6. (a) The variable components for variables x; y and z, and (b) a clause component for even p + q
and odd p + q for the construction of an instance of ITRSt .
 Create q−2 layers consisting of two vertices x(k) and x(k), 16k6q−2, where x(k)
and x(k) are connected by a horizontal edge. Connect rx with x(1) and with x(1) by
a literal edge each and x(k−1) with x(k) (and x(k−1) with x(k), resp.), 26k6q−2,
by a vertical edge each. The vertices x:=x(q−2) and x:= x(q−2) are called literal
vertices.
 Identify all root vertices rx to form one distinguished root vertex r.
 For each clause c = x1 _ x2 _ x3 2 C, construct an individual clause component.
 Create three clause vertices x1; x2, and x3, one for each literal in c.
 Create three vertices x(q−1)1 ; x(q−1)2 , and x(q−1)3 , and connect each of these to each
clause vertex, but to no other vertex (thus forming a K3;3).
 The last part depends on the parity of p+ q and is similar to the last part of the
clause components of Section 3.3. Let ‘ = b(p+ q)=2c.
If p + q is even, then create a central vertex c and connect it to x(q−1)i , by a
simple path of length ‘− q+1, consisting of new internal vertices x(q)i ; : : : ; x(‘−1)i ,
i 2 f1; 2; 3g.
If p + q is odd, create three central vertices c1; c2; c3, each connected with each
other by an edge. Connect ci to x
(q−1)
i , by a simple path of length ‘ − q + 1,
consisting of new internal vertices x(q)i ; : : : ; x
(‘−1)
i ; i 2 f1; 2; 3g.
 Identify the clause vertices with their corresponding literal vertices.
Figs. 6(a) and (b) illustrate the construction of the variable and clause components.
Observe that the superscripts of the vertices reect the distances to root r. In Fig. 7,
the part of G for t= 134 and clause c= x_y_ z is shown. Again, G can be constructed
in polynomial time. It remains to prove that there is a not-all-equal truth assignment 
for (U;C) if and only if G admits a pair of independent tree t-root-spanners w.r.t. r.
From  to T1 and T2: Given a not-all-equal truth assignment  for (U;C), we can
systematically construct two independent tree t-root-spanners T1 and T2. See Fig. 7 for
an illustration, and let (x) = (y) = false and (z) = true. For the lower part of the
clause components for even p+ q consider again Fig. 4.
The construction starts by choosing true literal edges (i.e. literal edges that cor-
respond to true literals) for T1 and false literal edges for T2. Within the variable
components the edges for T1 and T2 are chosen independently of the choice of edges
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Fig. 7. The construction of an instance of ITRSt t for t = 134 and clause c + x _ y _ z together with a pair
T1 and T2 of independent tree t-root-spanners.
in the clause component: Take the vertical edges into the same tree as the correspond-
ing literal edge and take the horizontal edges into both. For each clause component
consisting of clause vertices x1; x2 and x3 proceed as follows:
1. Choose one true literal,5 say x1 (as x in Fig. 7), and add fx1; x(q−1)1 g to T1.
2. Choose one false literal, 5 say x2 (as y in Fig. 7), and add fx2; x(q−1)2 g to T2.
3. Put edge fx3; x(q−1)3 g into the tree to which the corresponding literal edge fr; x(1)3 g
belongs.
4. For the remaining part of the clause component proceed analogously to the con-
struction of Section 3.3, now starting from vertices x(q−1)i ; i 2 f1; 2; 3g.
It remains to put three further edges from the K3;3 of each clause component to establish
the connectivity of the vertices x(q−1)i ; i 2 f1; 2; 3g. It is easy to see that T1 and T2
are independent trees w.r.t. r. T1 and T2 also obey the distance constraint: All vertices
at distance q − 1 or less are directly connected towards the root in both T1 and T2.
Consider vertices x(q)i ; i 2 f1; 2; 3g: by construction, for j 2 f1; 2g, jrp(x(q)i ; Tj)j6p=
t  q= t dG(x(q)i ; r). All other vertices below have a longer distance in G to r and thus
the resulting paths in the trees may be even longer. Hence the distance constraint is
fullled for all vertices.
From T1 and T2 to : Similar to the situation in Section 3.3, we prove this direction
by rst showing that a pair of independent tree t-root-spanners uniquely (modulo the
choice of T1 or T2) induces a truth assignment. As a second step it is shown that
this truth assignment is not-all-equal. Observe that, as in Section 3.3, parts 1 and 3 of
Lemma 9 also hold. If T1 and T2 are independent tree t-root-spanners we now have
the following additional properties:
(P1) The literal edges of a variable component cannot be both in T1 and T2.
(P2) The internal vertices of a variable component are only connected within this
variable component.
5 This must exist since  is a not-all-equal truth assignment.
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(P3) The central and internal vertices of a clause component are only connected within
this clause component.
(P4) Consider a variable component. Any root path from a vertex x(1) (or x(1), resp.)
that includes a vertex of a clause component (or a part of another variable compo-
nent) has length at least 2q− 3>t. Thus, root paths from fr; x(1)g and fr; x(1)g
in T1 and T2 can only stay within the variable component. Therefore, either
fr; x(1)g 2 T1 and fr; x(1)g 2 T2, and as a consequence jrp(x; T1)j= jrp( x; T2)j=
q− 2 and jrp(x; T2)j= jrp( x; T1)j= q− 1 or T1 and T2 exchanged.
(P5) Consider a clause component. The length of a path from a vertex x(q)i down to
a corresponding central vertex and up again to a literal vertex is p− q+ 2.
Suppose we are given two independent tree t-root-spanners T1 and T2. By properties
(P1), (P2), and (P4), it follows that T1 and T2 induce a truth assignment by set-
ting (x):=true if and only if fr; x(1)g 2 T1. We show that  is a not-all-equal truth
assignment by contradiction:
W.l.o.g. suppose that there is a clause c = x1 _ x2 _ x3 such that fr; x(1)i g 2 T1 and
thus (xi) = true for all i 2 f1; 2; 3g. Consider vertex x(q)1 in the clause component.
Since it has distance q from r, its root paths in both T1 and T2 may have length at
most p. By property (P3), x(q)1 has degree 2 and thus there are only two possible edges
for a root paths starting from x(q)1 . In particular, either fx(q−1)1 ; x(q)1 g 2 rp(x(q)1 ; T1) and
fx(q)1 ; x(q+1)1 ; g 2 rp(x(q)1 ; T2) or T1 and T2 exchanged. By properties (P5) and (P4), the
case fx(q)1 ; x(q+1)1 ; g 2 rp(x(q)1 ; T2) results in a root path that has length p + 1>p and
thus in a contradiction. Hence fx(q−1)1 ; x(q)1 g 2 rp(x(q)1 ; T2). The same argument also
holds for x2 and x3. This results in a contradiction for x
(q)
2 , which does not have a
disjoint root path for T1.
5. Independent direct tree t-root-spanners
As proved in the previous section, it is hard to decide the existence of a pair of
general-independent tree t-root-spanners in a given graph. The situation is dierent if
we impose further restrictions on the root paths. In this section, we consider the case
of direct root paths, and here the results for the edge and vertex disjoint case dier
signicantly. We rst give the formal denition and then prove the main results in the
subsequent subsections.
5.1. Denitions and results
We now consider the case where the paths from a vertex to the root within the tree
t-root-spanner have to be direct. No deviations to vertices that have a longer distance
to the root are allowed. This leads to the following denition:
Denition 16. (Direct tree t-root-spanner)For any rational value t>1, a tree t-root
-spanner T of G (w.r.t. r) is called direct if for all v 2 V and for every w 2
rp(v; T ): dG(w; r)6dG(v; r).
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We are interested in nding two independent direct tree t-root-spanners. The cor-
responding Edge (or Vertex, resp.) Independent direct tree t-root-spanners problem
EIDTRSt (or VIDTRSt , resp.) is dened analogously to Problem 4. For a better han-
dling of direct tree t-root-spanners, we treat the vertices of G according to their level
Ll(v) (i.e. according to their distance from r). Paths from a vertex to the root in a direct
tree t-root-spanner always stay in the same level or lead to a level with smaller index.
For an example consider again Fig. 5 of the previous section: The graph in (a)
admits a pair of independent tree 2-root-spanners, but not two direct ones, whereas the
10-wheel in (b) has a pair of edge (but not vertex) independent direct tree 2-root-spanners.
It can be easily seen that, for every xed t, the class of graphs admitting a pair of
vertex-independent direct tree t-root-spanners is a proper subclass of the class of graphs
admitting a pair of edge-independent direct tree t-root-spanners, which itself is a proper
subclass of the class of graphs admitting a pair of edge-independent tree t-root-spanners.
As opposed to the independent tree t-root-spanners problem, the complexity of the
decision problem for the direct version signicantly diers for the vertex and edge
independent case. We fully characterize the independent direct tree t-root-spanners
problem by the following theorem. Observe that the case for 16t < 2 is trivial as
before. The proofs are given in the next two subsections.
Theorem 17.
1: A pair of edge-independent direct tree t-root-spanners can be found in linear time
(if it exists); thus EIDTRSt 2 P; for all rational t>2.
2. VIDTRSt is NP-complete for all rational t>2.
Since the main properties of edge-independent direct tree t-root-spanners (see Lemma
18 and Corollary 20 in Section 5.2) can be extended to more than two edge-independent
direct tree t-root-spanners in the obvious way, the rst part of Theorem 17 also holds
for k edge-independent direct tree t-root-spanners (k>2, arbitrary).
5.2. Finding edge-independent direct tree t-root-spanners
To prove the rst part of Theorem 17, we rst examine the structure of edge-independent
direct tree t-root-spanners if they exist. Combining the results, we get an algorithm for
deciding the existence, and, if so, for constructing a pair of edge-independent direct
tree t-root-spanners.
In the following, assume that G admits a pair of edge-independent direct tree
t-root-spanners.The rst lemma establishes that there exists also a pair of edge-independent
direct tree t-root-spanners such that every vertex is connected to a parent vertex in at
least one of the two trees. If a vertex has more than one parent vertex it is always
possible to choose a direct connection to the parent level in both trees.
Lemma 18. If G admits a pair of edge-independent direct tree t-root-spanners then
there exists a pair T1 and T2 of edge-independent direct tree t-root-spanners w.r.t. r
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Fig. 8. Illustrations for (a) part 1 of Lemma 18, (b) part 2 of Lemma 18, and (c) Lemma 19.
such that
1. for all v 2 V − frg there is an i 2 f1; 2g and a w 2 Ll(v)−1 such that fv; wg 2 Ti.
2. for all v 2 V − frg with jN (v) \ Ll(v)−1j>2; there are w1; w2 2 N (v) \ Ll(v)−1;
w1 6= w2; with fv; w1g 2 T1 and fv; w2g 2 T2.
Proof.
1. The proof of part 1 is by induction. Consider an arbitrary pair T 01 and T
0
2 of
edge-independent direct tree t-root-spanners. We modify T 01 and T
0
2 step by step
such that the constraint to be proved is fullled:
Let v be a vertex with minimal level index l(v) such that the constraint given in
the lemma is not fullled. Let w be a parent vertex of v, and vi; i 2 f1; 2g be the
sibling vertices of v on rp(v; T 0i ), respectively (see Fig. 8(a) for an illustration).
Obtain T1 from T 01 by deleting edge fv; v1g and adding edge fv; wg, and let T2:=T 02.
Continue with the new trees.
We show that in each step T1 and T2 remain edge-independent direct tree t-root
-spanners. If l(v) = 1, then w = r and all conditions for T1 and T2 are fullled.
Otherwise, by choice of v, we know that dT 0i (w; r)6t  (l(v)− 1), and that the root
paths rp(w; T 0i ) are direct and edge disjoint. By construction, it is clear that T1 and
T2 are trees, all root paths are direct and the distance constraints are fullled. It
remains to show that rp(v; T1) and rp(v; T2) are edge disjoint:
If rp(v; T 02) and rp(w; T
0
1) are vertex disjoint we are done. Otherwise, take the
rst common vertex x in rp(v; T 02) and rp(w; T
0
1). By induction, since l(x)<l(v),
the root paths rp(x; T 01) and rp(x; T
0
2) are edge disjoint and thus are rp(v; T1) and
rp(v; T2).
2. Using part 1 of the lemma, suppose that T 01 and T
0
2 fulll the constraint given there.
The proof for part 2 then follows along the same lines. Fig. 8(b) illustrates the
situation. Here, T2 is obtained from T 02 by deleting edge fv; v1g and adding edge
fv; w1g, and let T1:=T 01.
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The characterization can be further enhanced by examining the stretch factor of
two edge-independent direct tree t-root-spanners. As shown in the following lemma,
the directness constraint dominates the stretch factor, such that the class of graphs
admitting a pair of edge-independent direct tree t-root-spanners for arbitrary t and
the class of graphs admitting a pair of edge-independent direct tree 2-root-spanners
collapse.
Lemma 19. If G admits two edge-independent direct tree t-root-spanners w.r.t r then
there exits two edge independent direct tree 2-root-spanners w.r.t. r.
Proof. The key observation to prove this lemma is the following fact: If G admits
a pair T 01 and T
0
2 of edge-independent direct tree t-root-spanners then there exist also
two edge-independent direct tree t-root-spanners T1 and T2 such that for each v the
distance to the parent level in T1 and T2 is at most 2. Stated formally:
jfw jw 2 rp(v; Ti) \ Ll(v); w 6= vgj= 1; i = f1; 2g: (*)
This can be seen by similar arguments as in Lemma 18 starting with T 01 and T
0
2 as
indicated in part 2 of that lemma (see Fig. 8(c) for an illustration of the situation).
Here, T1 is obtained from T 01 by deleting edge fv; v1g and adding edge fv; wg, and T2
is obtained from T 02 by deleting edge fv; wg and adding edge fv; v1g. Accumulating
this over all levels results in a pair of edge independent direct tree 2-root-spanners.
As a corollary from the two previous lemmas, we get the following characterization
of graphs that admit a pair of edge independent direct tree t-root-spanners: All vertices
must have at least two parent or sibling vertices in total.
Corollary 20. A graph G does not admit a pair of edge independent direct tree
t-root-spanners if and only if there is a vertex v such that jN (v) \ Ll(v)−1j = 1 and
N (v) \ Ll(v) = ;.
As a consequence of property (*) of Lemma 19, the connection of a vertex of its par-
ent level in both tree 2-root-spanners is independent of the connections in lower levels.
Thus, using the given characterization, we obtain a top{down algorithm as described in
Fig. 9. It starts from the top-level vertices and constructs the edge-independent direct
tree 2-root-spanners level by level, if possible.
We begin with level L1, the direct neighbors of the root. Once we have xed the tree
edges for all vertices of a level L‘−1, we continue with the vertices of level L‘. For this
aim, we choose an arbitrary vertex v of this level, and rst check whether it is possible
to connect it directly in both trees to a parent vertex (Step 2). If v has only one parent
vertex we have to check whether it is possible to nd a second root path via a sibling
vertex. If there is no sibling the algorithm stops indicating that G does not admit a pair
of edge-independent direct tree 2-root-spanners (Step 3(a)). Otherwise, by Lemma 18,
the existence of two edge independent direct root paths fullling distance constraint is
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Fig. 9. The algorithm for EIDTRS2 for vertices of level L‘.
guaranteed. Steps 3(b) and 3(c) construct these paths. Step 3(c) is necessary to fulll
also condition (*) of Lemma 19.
The correctness of the algorithm follows directly from Corollary 20. Since every
vertex is treated exactly once it can be implemented in linear time. Thus, the rst part
of Theorem 17 is proved.
5.3. The hardness of nding vertex-independent direct tree t-root-spanners
For the vertex-independent case the situation is dierent. Lemma 18 is not valid since
the induction does not work for vertex disjoint root paths. In fact, in this subsection,
we prove the second part of Theorem 17, the NP-completeness of VIDTRSt . For this
aim, we again use a reduction from NAE-3SAT.
Let t>2 be a rational number, t=p=q, where p; q are positive integers with p>2q
and q> 2. Given an instance (U;C) of NAE-3SAT, we construct the graph G for
VIDTRSt as follows.
 Construct the variable components as in the proof of Section 4.
 For each clause c = x1 _ x2 _ x3 2 C, create an individual clause component:
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Fig. 10. A clause component for the construction of an instance of VIDTRSt .
Fig. 11. The construction of an instance of VIDTRSt for t = 115 and clause c = x _ y _ z together with a
pair T1 and T2 of vertex independent direct tree t-root-spanners.
 Create three clause vertices x1; x2, and x3, one for each literal in c.
 For each xi, i 2 f1; 2; 3g, create a path of length two consisting of three new
vertices u(1)i , u
(2)
i , and u
(3)
i , and connect each of the vertices with xi. Identify u
(3)
1
with u(1)2 , u
(3)
2 with u
(1)
3 , and u
(3)
3 with u
(1)
1 (‘wrap around’).
 The third part is similar to the second part: for each xi, i 2 f1; 2; 3g, create a
path of length 2‘, where ‘ = p − q, consisting of new vertices v(1)i ; : : : ; v(2‘+1)i .
Connect each of the vertices with u(2)i . Identify v
(2‘+1)
1 with v
(1)
2 ; v
(2‘+1)
2 with v
(1)
3 ,
and v(2l+1)3 with v
(1)
1 (‘wrap around’).
 Identify the clause vertices with their corresponding literal vertices.
Fig. 10 illustrates the construction of the clause components. In Fig. 11 the part of G
for t= 115 and clause c= x_y_ z is shown. Again, G can be constructed in polynomial
time and it remains to prove that there is a not-all-equal truth assignment  for (U;C)
if and only if G admits a pair of vertex-independent direct tree t-root-spanners w.r.t. r.
From  to T1 and T2: Given a not-all-equal truth assignment  for (U;C), we can
construct two vertex-independent direct tree t-root-spanners T1 and T2. See Fig. 11 for
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an illustration, and let (x)=(y)= false and (z)= true. The construction starts again
by choosing true literal edges for T1 and false literal edges for T2. The choice of the
remaining edges is straightforward from the example in Fig. 11. It is easy to see that
T1 and T2 are vertex-independent direct tree t-root-spanners of G.
From T1 and T2 to : Again, we rst show that a pair of vertex-independent direct
tree t-root-spanners induce a truth assignment and then show that this truth assignment
is not-all-equal. As in Section 3.3, parts 1 and 3 of Lemma 9 and also properties (P1)
{(P3) hold. If T1 and T2 are vertex independent direct tree t-root-spanners we now
have the following additional properties:
(P4)0 Because of the directness constraint, root paths from vertices within the variable
component can only stay within the variable component.
(P5)0 Consider a clause component. Due to the directness constraint of the root paths,
the clause components are independent of each other w.r.t. the choice of edges
in two vertex-independent direct tree t-root-spanners. They only depend on the
choice of the corresponding literal edges fr; x(0)g and fr; x(0)g.
Suppose we are given two vertex-independent direct tree t-root-spanners T1 and T2.
By the above properties, it follows that T1 and T2 induce a truth assignment by set-
ting (x):=true if and only if fr; x(1)g 2 T1. We show that  is a not-all-equal truth
assignment by contradiction:
W.l.o.g. suppose that there is a clause c = x1 _ x2 _ x3 such that fr; x(1)i g 2 T1
and thus (xi) = true for all i 2 f1; 2; 3g. Furthermore, jrp(x(q−2)i ; T1)j = q − 2 and
jrp(x(q−2)i ; T2)j = q − 1. Then it follows that for i 2 f1; 2; 3g either jrp(u(2)i ; T1)j =
jrp(u(2)i ; T2)j= q or jrp(u(2)i ; T1)j= q− 1 and jrp(u(2)i ; T2)j= q+1. 6 Now all possible
choices of root paths result in a contradiction at a vertex v( j)i , 16j62‘ + 1.
6. Concluding remarks
In this paper, we have considered the concept of independent tree t-spanners, i.e.
a pair of independent spanning trees which are tree t-spanners, thus combining the
aspects of fault-tolerance (w.r.t. both vertices and edges), distance guarantee, sparsity,
and structural simplicity. In particular, we have examined the complexity of the corre-
sponding independent tree t-spanner problem: A pair of (edge or vertex) independent
tree t-spanners can be found in linear time for t < 3 if it exists. The problem of nding
(edge or vertex)-independent tree t-spanners for arbitrary t>4 is NP-complete.
t-root-spanners are a less restrictive variant of t-spanners, where the distance con-
straint is relaxed to distances between the vertices and the root. We have fully charac-
terized the decision problem for nding independent tree t-root-spanners by establishing
its NP-completeness for all non-trivial, rational values of t.
6 Observe that, if the variable setting of a clause is not-all-equal then it is possible to nd T1 and T2 such
that jrp(u(2)i ; T1)j = q− 1 and jrp(u(2)i ; T2)j = q.
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As a special case, we have considered tree t-root-spanners where the paths from
any vertex to the root are detour-free. The corresponding independent direct tree
t-root-spanners problem has been characterized fully: We have given a linear-time
algorithm for nding a pair of edge independent direct tree t-root-spanners for arbi-
trary non-trivial t. The corresponding decision problem for the vertex-independent case
has been shown to be NP-complete.
A remaining open problem is the complexity of ITS3: Until now we have neither
found a characterization of graphs admitting a pair of independent tree 3-spanners nor a
proof of its NP-completeness. On the other hand, it would be interesting to examine
other variants of tree t-root-spanners such as balanced tree t-root-spanners. Within
these, the length of the paths in both trees may at most dier by a xed number (1,
for example), thus guaranteeing similar delay behavior in both tree t-root-spanners.
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